Introduction and results
We first introduce some notations (see section 2 for the precise definitions). LetX be a projective manifold and D ⊂X a normal crossing divisor. We call the pair (X, D) a log manifold and denote X =X \ D. It is called a log surface if dimX = 2. Let T * X be its cotangent bundle andT * X its log cotangent bundle. We denote by qX = dim H 0 (X, T * X ) its irregularity andq X = dim H 0 (X,T * X ) its log irregularity. We denote its log canonical bundle byK X = dimXT * X = KX(D) and its log Kodaira dimension bȳ κ X = κ(X,K X ), the L-dimension ofK X . We call (X, D) to be of log general type ifκ X = dimX. Finally let α X : X → A X be the quasi-Albanese map. It is a holomorphic map which extends to a rational mapᾱ X :X− →Ā X (Iitaka '76 [17] ), whereĀ X is some compactification of A X (see §2.2).
We know by the log-Bloch theorem (Noguchi '81 [24] ) that for any log manifold such thatq X > dimX, any entire holomorphic curve f : I C → X is algebraically degenerate (this means f ( I C) is contained in a proper algebraic subvariety ofX). More generally, by results of Noguchi-Winkelmann '02 [26] one has (defining the log structure andq X on a Kähler manifold in a similar way as above):
Theorem 1 (Noguchi, Noguchi-Winkelmann) LetX be a compact Käh-ler manifold and D be a hypersurface inX. Ifq X > dimX, then any entire holomorphic curve f : I C → X is analytically degenerate (this means contained in a proper analytic subset ofX).
In this paper we are interested in the case of log surfaces (X, D) with q X = dimX = 2.
The first part of this paper deals with the case of surfaces of log general type, that isκ X = 2. We restrict our attention to Brody curves, this means entire curves f : I C → X with bounded derivative f ′ inX, for which we resolve the problem completely in the following Main Theorem of our paper.
Theorem 2 Let (X, D) be a log surface with log irregularityq X = 2 and with log Kodaira dimensionκ X = 2. Then every Brody curve f : I C → X is algebraically degenerate.
The proof and some applications are given in section 3.
The second part of this paper complements Theorem 2. Let (X, D) be a log surface with log irregularityq X = 2. Letᾱ X :X− → A X be the compactified quasi-Albanese map, I its finite set of points of indeterminacy andᾱ 0 =ᾱ X |X \I . In the case of dominantᾱ X , we consider the following condition:
(*) For all z ∈ A X andĒ a connected component of the Zariski closure of α −1
(z) withĒ ∩ X = ∅, any connected component of D intersectingĒ is contained inĒ (i.e.Ē is a connected component ofĒ ∪ D).
We remark that condition (*) can be expressed intrinsically (see subsection 4.2) and is implied by the condition that all the fibers of α X : X → A X are compact. In particular, this condition is much weaker than the properness of α X .
In the caseκ X = 1 we have the following result:
Theorem 3 Let (X, D) be a log surface with log irregularityq X = 2 and with log Kodaira dimensionκ X = 1. Assume condition (*) in the case of dominant α X . Then every entire curve f : I C → X is algebraically degenerate.
The proof and some applications are given in section 4.
As our counterexample in Proposition 27 shows, the additional condition (*) is necessary for the theorem to hold. Some reflections on our proof will reveal also that our condition (*) can in fact not be weakened further, at least when mild restrictions are imposed, for whose discussion and generalization to higher dimensions will be relegated to another paper. Deligne '71 [8] (see, for example, Catanese '84 [7] ) that we have, for (X, D) a log surface:
Remark 4 It is easily obtained from Hodge theory due to
where Connected with this, we would like to mention again the work of NoguchiWinkelmann '02 [26] , which deals with the question of algebraic degeneracy in all dimensions and even with Kähler manifolds, especially with log tori or with log manifolds having small Neron-Severi groups, under the additional condition that all irreducible components D i of D are ample. But as can be seen from the equation (1) above, their results never concern the case of log surfaces with log irregularityq X ≤ 2.
We would also like to mention the preprint of Noguchi-WinkelmannYamnoi '05 [28] that we just received, which deals with the case of algebraic manifolds whose quasi-Albanese map is proper. More precisely, NoguchiWinkelmann-Yamanoi '05 [28] deals with arbitrary holomorphic curves into arbitrary dimensional algebraic varieties of general type (this is the essential case), but only with proper Albanese map. Although we deal entirely with surfaces and mainly with Brody curves, our result do not require any condition in the case of log general type and our condition (*), which we use in the general case, is still much weaker than the condition of properness of the quasi-Albanese map as can, for example, be seen from the following simple example: Let X be the complement of a smooth ample divisor D in a abelian surfaceX. ThenK X = D and soκ X = 2. Alsoq X = qX = 2 by equation (1) . This means that the compactified quasi-Albanese map is the identity map and so the Albanese map is not proper.
We now give an indication of our methods of proof. We first discuss the ideas of the proof for Theorem 2. We will reduce the proof of this theorem by a result of McQuillen and ElGoul and by log-Bloch's theorem to the claim that under the conditions of Theorem 2, α X • f : I C → A X is a translate of a complex one parameter subgroup of A X . In the case qX = 2, the compactified quasi-Albanese mapᾱ X is a morphism and so the claim is trivial. If qX < 2,ᾱ X can have points of indeterminacy so that Brody curves are not preserved byᾱ X in general. But from value distribution theory, the order of growth of a holomorphic curve is preserved under rational maps and Brody curves are of order at most two. Using this, the key analysis in this proof consists of a detailed study of the geometry of the quasiAlbanese map (in particular at its points of indeterminacy) with respect to f to reduce the order ofᾱ X • f to one or less. Thenᾱ X • f is either constant or a leaf of a linear foliation on A X . We do this componentwise where in the case qX = 1, we use the fact from Noguchi-Winkelmann-Yamanoi '02 [27] that one can choose a metric onĀ X which lifts to the product metric on the universal cover I C × IP 1 ofĀ X . In the case qX = 0 we take rational monomials of the components ofᾱ X motivated by arranging residues in a way that allows us to control the points of indeterminacy of the resulting map with respect to f .
We now discuss our proof for Theorem 3. We first prove the analogue in Proposition 23 of the structure theorem of Kawamata for open subsets of finite branched covers of semi-abelian varieties. We follow essentially the original ideas of Kawamata but with several new ingredients. For example, in the caseκ X = 1, one needs to observe that even though the quasi-Albanese map to the semi-abelian variety is not proper, the restriction to the generic fiber is. In the caseκ X = 0, we need to observe that a complement of a (singular) curve in a semi-abelian variety is of log general type unless the curve is a translate of a algebraic subgroup. We reduce this observation by the addition theorem of Kawamata to the case where the semi-abelian variety is a simple abelian variety. For Theorem 3, the main observation is that condition (*) is equivalent to a condition on the Stein factorization of a desingularization of the quasi-Albanese map and that this allows us to use Proposition 23 to conclude that the base of the Iitaka fibration is hyperbolic.
We remark that we can give an elementary proof of the result of McQuillan and El Goul in the case of linear foliations on A X by using techniques similar to those given in Bertheloot-Duval '01 [4] .
The first named author would like to thank C.Peters and F.Catanese for valuable discussions some years ago on configurations of boundary curves of log surfaces in relation to log 1-forms. Finally we would like to thank the referee for many suggestions on how to clarify and improve the presentation of this paper.
2 Some Preliminaries 2.1 Log manifolds and residues of log 1-forms LetX be a complex manifold with a normal crossing divisor D. This means that around any point x ofX, there exist local coordinates z 1 , ..., z n centered at x such that D is defined by z 1 z 2 ...z l = 0 in some neighborhood of x and for some 0 ≤ l ≤ n. The pair (X, D) will be called a log-manifold. Let X =X \ D.
Following Iitaka '82 [16] , we define the logarithmic cotangent sheaf
as the locally free subsheaf of the sheaf of meromorphic 1-forms onX, whose restriction to X is T * X = ΩX (where we identify from now on vector bundles and their sheaves of sections) and whose localization at x ∈X is of the form
where the local coordinates z 1 , ..., z n around x are chosen as before. Its dual, the logarithmic tangent sheafT X = T (X, −logD), is a locally free subsheaf of the holomorphic tangent bundle TX overX. Its restriction to X is identical to T X , and its localization at x ∈X is of the form
Let ω be a log 1-form defined around x, so that by (2) we have
Then we call, for i = 1, ..., l, the complex number (h i ) x (x) ∈ I C the residue of ω at x on the local irreducible branch of D given by z i = 0. Since we do not assume simple normal crossing, we may have several such local irreducible components for D at x even if D is irreducible. But ifX is compact, it is easy to see that for any (global) irreducible component D j of D, the residue is constant on D j (meaning it is the same for all points x ∈ D j ). In fact, whetherX is compact or not, we have the exact sequence of sheaves:
whereD is the normalization of D.
Quasi-Albanese maps
We first recall the definition and some basic facts on semi-abelian varieties (see Iitaka '76 [17] ). A quasi-projective variety G is called a semi-abelian variety if it is a complex commutative Lie group which admits an exact sequence of groups
where A is an abelian variety of dimension m. An important point in our analysis is that this exact sequence is not unique, but depends on a choice of l generators for the kernel of π, which is an algebraic torus of dimension l.
From the standard compactification ( I C * ) l ⊂ (IP 1 ) l , which is equivariant with respect to the ( I C * ) l action, we obtain a completionḠ of G as the (IP 1 ) l fiber bundle associated to the ( I C * ) l principal bundle G → A. This is a smooth compactification of G with a simple normal crossing boundary divisor S. The projection mapπ :Ḡ → A has the structure of a (IP 1 ) l -bundle. Here,π andḠ depend on the choice of the l generators that identified our algebraic torus as ( I C * ) l . We denote the natural action of G onḠ on the right as addition. It follows that the exponential map from the Lie algebra I C n to G is a group homomorphism and, hence, it is also the universal covering map of G = I C n /Λ, where Λ = π 1 (G) is a discrete subgroup of I C n and n = m + l. Following Iitaka '76 [17] , we have the following explicit trivialization of the log tangent and cotangent bundles ofḠ: Let z 1 , ..., z n be the standard coordinates of I C n . Since dz 1 , ..., dz n are invariant under the group action of translation on I C n , they descend to forms on G. There they extend to logarithmic forms onḠ along S, which are elements of H 0 (Ḡ,T * G ). These logarithmic 1-forms are everywhere linearly independent onḠ. Thus, they globally trivialize the vector bundleT G . Finally, we note that these log 1-forms are invariant under the group action of G onḠ, and, hence, the associated trivialization ofT G overḠ is also invariant.
Let now (X, D) be again a log surface and αX :X → AX the Albanese map ofX (it can be constant if qX = 0). Taking into account also the log 1-forms, Iitaka '76 [17] introduced the quasi-Albanese map α X : X → A X , which is a holomorphic map to the semi-abelian variety A X , which comes equipped with the exact sequence
(Iitaka makes a noncanonical choice of l generators for the algebraic torus for this construction). We have the commutative diagram
Iitaka also proved that α X extends to a rational mapᾱ X :X− →Ā X , and the diagram (8) extends toX
In general the (IP 1 ) l -bundleĀ Xπ → AX is not trivial. But NoguchiWinkelmann-Yamanoi '02 [27] observed that the transition functions of the (IP 1 ) l -bundleπ :Ā X → AX (as the structure group ( I C * ) l can always be reduced to the subgroup defined by |z i | = 1, i = 1, .., l) can be chosen to be isometries with respect to the product Fubini-Study metric on (IP 1 ) l .
Proposition 5
There exists a metric h onĀ X so that the universal cover map
is a local isometry.
We first consider the case dimX = 2 and qX = 0. This means we have a morphism α X : X → I C * × I C * extending to a rational mapᾱ X :X− → IP 1 × IP 1 . Let ω ∈ H 0 (X,T * X ) be a log 1-form with residues a j ∈ Z Z along the irreducible components D j of D, j = 1, ..., k. We define a holomorphic function Φ :
where x 0 is a fixed point in X. It is well defined since by the condition qX = 0, there are no non trivial periods inX, and since the periods around the components of the divisor D ⊂X of the integral have values which are entire multiples of 2π, and, hence, are eliminated by taking the exp-function. We claim that this function extends to a rational functionΦ :X− → IP 1 : Let P ∈ D 1 (respectively P ∈ D 1 ∩ D 2 ) and let z 1 , z 2 be local coordinates around P such that D 1 = {z 1 = 0} (respectively D 1 = {z 1 = 0} and D 2 = {z 2 = 0}).
Then it follows from equation (10) that there exists a holomorphic function h : U(P ) → I C * on a neighborhood U(P ) of P such that
By the first Riemann extension theorem, the function
extends to a holomorphic function, so we have ω = a 1 dz 1 z 1 + ω hol , where ω hol is a holomorphic form. Now by (10) we get
The other equality follows in the same way.
From this we get by the second Riemann extension theorem, GAGA and by the local description of points of indeterminacy the following.
Proposition 6
The holomorphic map Φ : X → I C * given by (10) 
Using this we now describe the components of the map (12) and we have, as in (10),
where x 0 is a fixed point in X.
Henceforth, in the case qX = 0, we assume that the components of α X are given by such a choice of basis.
Next we consider the case where dimX = 2 and qX = 1. Let x ∈ D be a point. By diagram (9) and the notation thereof, as AX is an elliptic curve, there is a small open neighborhood W of αX(x) such thatπ
where Φ : V → I C * is as in (10) (see Noguchi-Winkelmann '02 [26] ). The same argument as we gave for Proposition 6 gives us: 
Brody curves, maps of order 2 and limit sets of entire curves
Let (X, D) be a log manifold and f : I C → X be an entire curve. We recall that f is a Brody curve if the derivative of f with respect to some (and so any) hermitian metric onX is bounded.
Following Noguchi-Ochiai '90 [25] , we have the characteristic function T f (r, ω) = 
log r is independent of the hermitian metric H. The map f is said to be of order at most 2 if ρ f ≤ 2. Since the derivative of a Brody curve in the projective varietyX is bounded with respect to hermitian metrics onX, Brody curves are easily seen to be of order at most 2. By a classical theorem of Weierstrass, we get also that a curve f : I C → IP N of order at most 2 which omits the coordinate hyperplanes can be written in the form (1 : exp(P 1 (z)) : ... : exp(P n (z))) where the P i 's are polynomials of degree at most 2 in the variable z ∈ I C. We now prove that the property of having order at most 2 is preserved under rational maps (see also [11] for a similar result). 
, and without loss of generality R 0 • f ≡ 0. We have by [25] , p.183 
From this the lemma follows.
⊓ ⊔
Finally, we need the definition and some simple observations on the limit set of an entire curve f : I C →X as given by Nishino-Suzuki '80 [23] 
Lemma 11
For a ∈ I C * , consider the entire curve f :
Proof Since f (∞) is closed and since we can change the sequence (z µ ) µ∈IN to the sequence (−z µ ) µ∈IN , it suffices to prove that f (∞) contains the points (∞, c) with c ∈ I C * . Let c ∈ I C * fixed and b ∈ I C be such that c = exp b. We consider the four sequences 
where we understandΨ(x) to be a curve for x a point of inderminancy ofΨ.
Then there is a sequence (z µ ) µ∈IN in I C such that lim µ→∞ |z µ | = ∞ and lim µ→∞ Ψ • f (z µ ) = Q. LetΨ :X →Ȳ be a desingularization ofΨ viar :X →X andf : I C →X the lift of f toX. AsX is compact, after passing to a subsequence,f (z µ ) converges to a point P ∈X and by continuity ofr, P =r(P ) lies in f (∞). Hence, the continuity ofΨ gives Q =Ψ(P ) ∈Ψ(P ) ⊂Ψ(f (∞)).
⊓ ⊔
Foliations and the theorem of McQuillan-ElGoul
We first recall some basic notations and facts on foliations as given in Brunella '00 [6] : A foliation on the surfaceX can be defined by a collection of 1-forms ω i ∈ Ω 1X (U i ) with isolated singularities such that U i , i ∈ I is an open covering ofX, and that we have
. These isolated singularities are called singularities of the foliation. The local integral curves of the forms ω j glue together, up to reparametization, giving the so-called leaves of the foliation. Any meromorphic 1-form ω onX gives a foliation, namely choose an open covering U i , i ∈ I ofX and meromorphic functions f i on U i such that ω i := f i · ω| U i are holomorphic forms on U i with isolated singularities, only. Then ω i , i ∈ I gives a foliation. By Brunella '00 [6] for algebraicX any foliation can be obtained like this, and, moreover, there is a one to one correspondance between foliations on the one hand and rational 1-forms modulo rational functions on the other hand.
We Proof The map Ψ • f : I C → A X is linearly degenerate with respect to the universal cover I C 2 → A X . Hence, Ψ•f is a leaf of the linear foliation given by a 1-form with constant coefficients on I C 2 , descending to a nowhere vanishing log 1-form ω onĀ X (see subsection 2.2). It corresponds to a meromorphic nowhere vanishing 1-form onĀ X without poles on A X . NowΨ :X− →Ā X is a dominant rational map, and so the meromorphic form ω pulls back viaΨ * to a nonvanishing meromorphic 1-formΨ * ω which is holomorphic over X. By construction we have that f * (Ψ * ω) ≡ 0. Let S ⊂X be the divisor given by the meromorphic 1-formΨ * ω, namely the divisor given by the f i , i ∈ I with respect to an open covering U i , i ∈ I such that f i · (Ψ * ω)| U i is a holomorphic 1-form with isolated singularities only on U i for all i ∈ I. If f ( I C) ⊂ S then f is algebraically degenerate. Otherwise f is contained in a leaf of the foliation given by the 1-formΨ * ω, namely by the f i · (Ψ * ω)| U i . By Theorem 13 it follows that f is algebraically degenerate, which finishes the proof of Proposition 14.
The case of non-dominant quasi-Albanese map
The following is a direct consequence of the log-Bloch theorem and the universal property of the quasi-Albanese map.
Proposition 15 Let (X, D) be a log surface with log irregularityq X = 2.
Assume that the compactified quasi-Albanese mapᾱ X :X− →Ā X is not dominant. Then Y =ᾱ X (X) ∩ A X is a hyperbolic algebraic curve. Hence every entire curve f : I C → X is algebraically degenerate.
Proof The imageȲ :=ᾱ X (X) ⊂Ā X ofX under the compactified quasiAlbanese mapᾱ X :X →Ā X is a proper algebraic subvariety. Sinceq X = 2, so in particular X admits nontrivial log 1-forms,Ȳ cannot degenerate to a point, and so we have dimȲ = 1. By the log Bloch's theorem due to Noguchi '81 [24] , the Zariski closure of the image of an entire curve in A X is a translate of an algebraic subgroup of A X . But by the universal property of the quasi-Albanese map (see Iitaka '76 [17] ), Y =Ȳ ∩ A X cannot be such a translate. Hence, Y is a hyperbolic algebraic curve. So the mapᾱ X • f is constant, and, hence, f is algebraically degenerate. ⊓ ⊔ 3 Proof of Theorem 2 and some applications
Reduction of the proof
We will reduce the proof of Theorem 2 by a result of McQuillen and ElGoul (which is Theorem 13 above) and by log-Bloch's theorem to the following.
Claim: Let (X, D) be a log surface withq X = 2 and dominantᾱ X and with log Kodaira dimensionκ X = 2. Let f : I C → X be a Brody curve. Assume that f is not algebraically degenerate. Then
For ifᾱ X is not dominant, then Theorem 2 follows from Proposition 15. Ifᾱ X is dominant and f is not algebraically degenerate, then by the Claim α X • f : I C → A X is a translate of a complex 1-parameter subgroup of A X . Then Theorem 2 follows from Proposition 14.
So it suffices to prove the Claim for the various cases of qX below.
The case qX = 2
The euclidean metric of the universal cover I C 2 of the Albanese torus AX descends to a metric h on it. We may choose a hermitean metric g onX such that α * X h ≤ g and we have
Now since f is a Brody curve, we have |f
By composing with the Albanese map, we therefore get
After lifting to I C 2 , the components of (αX • f ) ′ are bounded holomorphic functions. Hence, by Liouville's theorem, they are constant. So the map αX • f : I C → A X is a translated complex 1-parameter subgroup of A X . ⊓ ⊔
The case qX = 1
We have the following diagram (see (5)):
As in the case qX = 2, we get that αX • f is linear with respect to the coordinates from the universal covering I C → AX. If αX • f is constant, then f is algebraically degenerate and we are done. So we assume from now on that this linear function is nonconstant.
Let I ⊂ D ⊂X be the (finite) set of points of indeterminacy ofᾱ X , U ⊂ AX a neighborhood of the finite set αX(I) consisting of small disks around each point of αX(I).
′ is bounded on I C \ W with respect to any hermitian metric h onĀ X .
Brody curves are of order ≤ 2. Hence, by Lemma 9,
is of order ≤ 2. Let I C × IP 1 →Ā X be the universal cover, and let
be a lift of the map α X • f : I C → A X ⊂Ā X to I C × IP 1 . If pr 1 : I C × IP 1 → I C respectively pr 2 : I C×IP 1 → IP 1 denote the projections to the first respectively the second factor, we get that pr 1 • (α X • f ) is a lift of αX • f through the universal cover I C → AX, which we know already to be a linear function.
If we prove that Φ is of the form Φ(z) = exp(P (z)) with a linear polynomial P (z), then αX • f : I C → A X is a translated complex 1-parameter subgroup of A X .
By Proposition 5, there exists a metric h onĀ X such that the universal covering map ( I C × IP 1 , eucl. × FS) → (Ā X , h) is a local isometry. By this, we get the existence of a constant C such that
Furthermore, we get the following estimate for the characteristic function.
Hence, from ρ (α X •f ) ≤ 2, it follows ρ Φ ≤ 2. So Φ(z) = exp(P (z)) with deg P ≤ 2. If deg P ≤ 1, the proof is finished. So we may assume deg P = 2. By a linear transformation z → az+b in I C we may assume that P (z) = z 2 +c. Then, by a multiplicative transformation w → exp(c) · w, we may assume
Since U ⊂ AX is a small neighborhood of the finite set αX(I) and the map αX • f is linear with respect to the coordinates from the universal cover of AX, we get that αX • f is also a universal covering map. Hence, up to a translation, αX • f is a group morphism with kernel Γ ⊂ I C. Then
is the union of the translations by the lattice Γ of a finite number of small disks in I C. Hence, there exists a sequence on the diagonal
We have
and, hence, since Φ ′ is bounded on I C \ W by (14):
This is a contradiction since |z v | → ∞. So the assumption degP = 2 was wrong. ⊓ ⊔
The case qX = 0
Let (X, D) be the log surface and assume f : I C → X is a Brody curve which is not algebraically degenerate with f (∞) its limit set. We recall (subsection 2.2) that for a rational functionΦ :X− → IP 1 which extends a holomorphic function Φ : X → I C * , we always have Φ • f (z) = exp(P (z)), with P (z) a polynomial of degree at most 2. Proof LetΦ :X− → IP 1 be a rational function which extends a holomorphic function Φ : X → I C * such that Φ•f (z) = exp(P (z)), with P (z) a polynomial of degree (exactly) 2, and let IΦ be the set of points of indeterminacy ofΦ. We first proveΦ
Lemma 16
We may assume by a linear coordinate change in I C and a multiplicative transformation in I C * ⊂ IP 1 , that
Assume that (15) does not hold. Then there exists a point p ∈ f (∞)\IΦ such thatΦ(p) ∈ I C * . Let U(p) ⊂X be a neighborhood such that its topological closure (with respect to the usual topology)Ū(p) does not contain any points of IΦ. Note thatΦ is a holomorphic function in a neighborhood ofŪ(p) ⊂X.
Without loss of generality, we may assume that
Since f is a Brody curve, its derivative is uniformly bounded on I C, and sinceŪ (p) ⊂X is compact, the derivative ofΦ|Ū (p) is bounded too. Hence, there exists a constant
by (16) and as |z v | → ∞. This contradiction proves (15) . Now assume that there exists a rational functionΦ :X− → IP 1 which extends a holomorphic function Φ : X → I C * such that Φ • f (z) = exp(P (z)), with P (z) a polynomial of degree (exactly) 2. By (15) we have
Now the Lemma follows from Proposition 10.
⊓ ⊔
For the rest of this subsection, we assumeq X = 2 and qX = 0. Let 
is a dominant rational map extending the dominant morphism
(We remark that the map (Ψ 1 , Ψ 2 ) is not the quasi-Albanese map in general, but it factors through the quasi-Albanese map by a finiteétale map.)
Proof It suffices to prove that the morphism (Ψ 1 , Ψ 2 ) : X → ( I C * ) 2 is dominant, the rest is clear from the properties of the quasi-Albanese map. Let ω 1 , ω 2 be the two linearly independent log forms corresponding to
where x 0 is a fixed point in X. It suffices to prove that the lift of this map to the universal cover,
has rank two in some points. But this is true since M is non singular and since the lift to the universal cover of the quasi-Albanese map, this means
has this property. ⊓ ⊔ By Lemma 9, we have Ψ i • f = exp (Q i (z)) with deg Q i ≤ 2. Then if one of the Q i has degree 0, it follows immediately that f is algebraically degenerate (since Ψ i • f is constant then). Our aim is now to choose the nonsingular matrix M such that deg Q i ≤ 1 for i = 1, 2. Then if one of the Q i has degree 0, one is done. If both polynomials Q i have degree 1, then (Ψ 1 , Ψ 2 ) • f : I C → I C * × I C * is a translate of a complex 1-parameter subgroup of I C * × I C * . But we have the commutative diagram
where M is a linear isomorphism given by the matrix M and the vertical arrows are the universal covering maps. So αX • f : I C → A X is also a translated complex 1-parameter subgroup of A X .
By Lemma 9 we have Φ i • f = exp(P i (z)) with deg P i ≤ 2 for the two components of the quasi-Albanese map. If deg P i ≤ 1 for i = 1, 2, we put M = I 2 , the identity matrix, and the proof is finished. Otherwise we may assume without loss of generality that deg P 2 = 2. Then by Lemma 16, we have f (∞) = l j=1 D j . Consider the submatrix of the residues of ω 1 , ω 2 with respect to the first l divisors forming f (∞) (20) If this matrix has rank 2, there exists a nonsingular matrix M with coefficients in Z Z such that after passing from the log forms ω 1 , ω 2 corresponding to the map (Φ 1 , Φ 2 ), to the forms m 11 ω 1 + m 12 ω 2 , m 21 ω 1 + m 22 ω 2 corresponding to (Ψ 1 , Ψ 2 ), the matrix of residues (20) has at least one residue = 0 in every line.
If the matrix of residues (20) of (Φ 1 , Φ 2 ) has rank 1, we can choose the nonsingular matrix M with m 11 = 0, m 21 = 0 and m 22 = 1 such that after passing from the log forms ω 1 , ω 2 corresponding to the map (Φ 1 , Φ 2 ), to the forms m 11 ω 1 + m 12 ω 2 , m 21 ω 1 + m 22 ω 2 corresponding to (Ψ 1 , Ψ 2 ) the matrix of residues (20) has all residues = 0 in the first line. Here, there is the difficult case where the resulting matrix does not have any zero in the second line.
If the matrix of residues (20) of (Φ 1 , Φ 2 ) has rank 0, we just take M = I 2 the identity matrix.
In all cases, except the difficult one, there exist some residues = 0 in every line of the residue matrix for (Ψ 1 , Ψ 2 ). So by Lemma 16 and equation (11), we have deg Q i ≤ 1 for i = 1, 2, and we are done.
So we are left with the only (difficult) case that the matrix of residues of (Ψ 1 , Ψ 2 ) with respect to the log formsω 1 := m 11 ω 1 + m 12 ω 2 and ω 2 looks as follows (with a 2j = 0 for all j = 1, ..., l) (21) and that Ψ i • f = exp (Q i (z)) with deg Q 1 ≤ 1 (which follows again by Lemma 16 and equation (11)) and deg Q 2 = 2. In this case, we have to use the explicit geometry of the entire curve f with respect to the map (Ψ 1 , Ψ 2 ) in a similar way as we did in the proof for the case qX = 1 above.
Lemma 18
a) The rational functionΨ 1 
Furthermore, x 0 respectively x ∞ are intersection points of D 1 with components D j with j ≥ l + 1 (meaning components not belonging to f (∞)) with residues a 1j > 0 respectively a 1j < 0.
Proof For a): This follows immediately from Proposition 6 since by (21) , all the residues ofΨ 1 on all components of f (∞) are = 0. For b): SinceΨ 1 is a morphism around f (∞), the image of every irreducible component of f (∞) is a (closed) subvariety in IP 1 , and hence a single point or all of IP 1 . Since the residue ofΨ 1 on each component of f (∞) is 0, it follows by (11) that the image of each component, if it is a single point, has to lie in I C * . By the same token, we also get that any point x ∈ f (∞) which is mapped to 0 respectively to ∞ byΨ 1 has to be an intersection point with a component of D having residue > 0 respectively < 0, and which cannot be one of the components of f (∞). Since D is a normal crossing divisor, no three irreducible components meet in one point, and so no point mapping to 0 or to ∞ can lie on the intersection of different irreducible components of f (∞). We will now prove that there can exist at most one point x = x 0 ∈ f (∞) withΨ 1 (x) = 0 and at most one point x = x ∞ ∈ f (∞) withΨ 1 (x) = ∞. From this it follows immediately that there can be at most one component of f (∞) mapping onto IP 1 , which then has to contain both x 0 and x ∞ .
Let {(x 0 ) 1 , ..., (x 0 ) m } = {x ∈ f (∞) :Ψ 1 (x) = 0}. Take a neighborhood U(f (∞)) such thatΨ 1 is still a morphism in a neighborhood of the closurē U (f (∞)) of U(f (∞)) (this is possible since there is only a finite number of points of indeterminacy ofΨ 1 ). Take small neighborhoods U p = U p ((x 0 ) p ), p = 1, ..., m, such that their closures are still contained in U(f (∞)).
Assume m ≥ 2. For p = 1, 2, take sequences (z
Without loss of generality, we may assume that f (z
C be the (linear) segment between z (1) v and z (2) v in I C. Then there exists a point
The image of the segment [z
v ] under f joins the two points f (z
Since the two neighborhoods are disjoint, it has to cross the boundaries of both of them. Let w v be the inverse image of such a crossing point with one of these boundaries.
By (21) we
= λ v Re(az
Consider the sequence f (w v ), v ∈ IN. After passing to a subsequence, we get f (w v ) → P ∈X. By construction, we have P ∈ f (∞), and by (22) we getΨ
But
.., m. This is a contradiction, since {(x 0 ) 1 , ..., (x 0 ) m } = {x ∈ f (∞) :Ψ 1 (x) = 0} ∋ P . So our assumption m ≥ 2 was wrong, and there exists at most one point
The proof for x ∞ is exactly the same, just change 0 and ∞ in the proof above, and in (22) , change −∞ to +∞.
⊓ ⊔ Now we can finish up the proof of the claim: If there does not exist an irreducible component D 1 of f (∞) such thatΨ 1 (D 1 ) = IP 1 (case 1), we leave (Ψ 1 , Ψ 2 ) as it is. If it does exist (case 2), then we may assume x 0 ∈ D 1 ∩D l+1 . The matrix of residues (21) extends to
with a 1,l+1 > 0. We putω
Then the new matrix of residues becomes
By Proposition 6, we get that x 0 ∈ D 1 ∩ D l+1 cannot be a point of indeterminacy ofΨ 2 , since the corresponding product of residues is zero. In both cases we get, by a linear coordinate change in I C and a multiplicative transformation in I C
By Lemma 11 and Lemma 12, we get
We will reach a contradiction to (26) in both cases. In case 1, we havē
contradicting (26) . In case 2, we get that (Ψ 1 | f (∞) ) −1 (0) = {x 0 } and x 0 is not a point of indeterminacy ofΨ 2 . So we have
which is strictly contained in {0} × IP 1 , contradicting (26) .
This concludes the proof of the claim, and, by the reduction in subsection 3.1, the proof of Theorem 2. ⊓ ⊔
Some applications
Theorem 2 gives us the following corollaries on hyperbolicity.
Corollary 19
Let (X, D) a log surface with log irregularityq X = 2 and log Kodaira dimensionκ X > 0.
Suppose that X does not contain non-hyperbolic algebraic curves and that D is hyperbolically stratified (this means that every irreducible component minus all the others is a hyperbolic curve). Then X is complete hyperbolic and hyperbolically imbedded inX.
Proofκ X = 1, otherwise the Iitaka fibration of X would contain nonhyperbolic fibers and so X would have non-hyperbolic algebraic curves. Hence this follows from Theorem 2 and from the main result of Green '77 [14] . ⊓ ⊔ 
is very ample and, hence, big. Let D i = {f i = 0}, where f i is a homogeneous equation for D i , for for i = 1, 2, 3. Then
are linearly independent log forms, and it is easy to see that there are no others. Hence,q (IP 2 \D) = 2.
⊓ ⊔ (ii)X is a fiber bundle overỸ with fiberB and translations byB as structure group.
(iii)κỸ = dimỸ =κ X .
If furtherκ X = 0 and f is surjective, then f is anétale morphism.
For the proof of Theorem 3 we will need the following extension of this theorem in the case of surfaces. (ii)X is a fiber bundle overỸ with fiberB and translations byB as structure group. In particular, X andX are smooth.
In particular, for generic y ∈ Y * , X y ⊂ X is equal to the image of a suitable fiber of the fiber bundleX overỸ , and the image of a generic fiber of this fiber bundle is of the form X y for y ∈ Y * .
(2) Ifκ X 0 = 0, then f is anétale morphism and X \ X 0 is finite.
Proof Since the proof uses among others the same ideas as that given by Kawamata in [19] (see Theorems 13, 23, 26 and 27 of Kawamata's paper [19] ), we just indicate the differences and what has to be added:
(1) In the caseκ X 0 = 1, the key point is to observe that despite the composed map X * Ψ → X 0 ֒→ X being not proper in general, for generic y ∈ Y * , X y ⊂ X is a closed subvariety. In order to see this, letX y ⊂X be the (Zariski) closure of X y inX (it is the curveΨ(X * y )). ThenX y ∩X is the closure of X y in X,B y = f (X y ∩ X) is the closure of B y ⊂ A and we have for the logarithmic Kodaira dimensions (for generic y ∈ Y * ):
where the last inequality follows since we can restrict the constant 1-forms of A toB y , and all the others follow by lifting back log multicanonical forms through logarithmic (!) morphisms. So we get in particular for the inclusion of algebraic curves X y ⊂X y ∩ X that 0 =κ Xy =κX y ∩X (remark that X y ⊂ X is algebraic since X y ⊂ X 0 is algebraic and X 0 ⊂ X is an open algebraic subvariety). But an algebraic curve having log Kodaira dimension zero is either isomorphic to an elliptic curve or to I C * ⊂ IP 1 , and if we delete any other point of any of these algebraic curves, they become hyperbolic, so their log Kodaira dimension becomes one. This means X y =X y ∩ X is a closed subvariety of X. The rest of the proof is exactly analogous to the proof of Kawamata's Theorem 27. We observe here that the normal curveỸ , having singularities only in codimension two, is automatically smooth.
(2) As f is a finite morphism between algebraic surfaces, it is surjective. So the first part of Theorem 22 gives 0 =κ X 0 ≥κ X ≥ 0. Hence the first part of our claim follows from the last part of Theorem 22. Since X is finite andétale over A, X is also a semi-abelien variety since it is a quotient of affine space by a discrete subgroup and the kernel in X of the map to the abelian variety quotient of A is a finite cover of that of A. LetX be a compactification of X as given in subsection 2.2. If X \ X 0 is not finite, then there exist a curve C inX intersecting X but not X 0 . We will reach a contradiction.
Assume that X is not a simple abelian surface. We follow the proof of Theorem 26 in [19] to obain a contradiction. As X is semi-abelian, it is a fiber bundle over a flat curve B, i.e. B has trivial log-canonical bundle so that B is either I C * or an elliptic curve. Moreover, the fiber bundle has flat curves as fibers. Now the log-Kodaira dimension becomes positive if we remove a finite nonempty set from a flat curve, whose log-Kodaira dimension is 0. If C intersects the generic fiber of this fiber bundle, then we have a contradiction with the addition theorem above. Hence, C is vertical and so X \ C is a fiber space over a curve of positive Kodaira dimension. This again contradicts the addition theorem.
Hence we may assume that X is a simple abelian surface. Now it is well known that C is then an ample divisor in X so that its L-dimension is 2. This latter fact can be seen directly as follows
while Serre-duality gives h
and the L-dimension of C is 2. If C 2 ≤ 0, then the algebraic subgroup G = {t ∈ X | C + t = C} must contain differences of points in C and so is at least one dimensional. As X is simple, G = X which is a contradiction. -To compute the log-Kodaira dimension of X \ C, we blow up X successively until the total reduced transform of C becomes normal crossing, where we let E i be the exceptional divisor at the i-th step. Then we know that at each step, the resulting canonical divisor is i E i and C =C + i m i E i as divisors (m i > 0), where we have suppressed the pullback symbols andC is the strict transform of C ⊂X. Hence, for the final blown up varietyX of X, the log-canonical divisor of (X,C) is K =C + i E i . But this means that a multiple of K is C plus an effective divisor and therefore the log-Kodaira dimension ofX \C is 2. This is a contradiction since then X 0 ⊂X \C must have the same log-Kodaira dimension.
Stein factorization and condition (*)
Let (X, D) be a log surface with log irregularityq X = 2 . Letᾱ X :X− →Ā X be the compactified Albanese map, I its finite set of points of indeterminacy andᾱ 0 =ᾱ X |X \I . We assume in this subsection thatᾱ X is dominant. Recall the following condition:
(*) For all z ∈ A X andĒ a connected component of the Zariski closure of α
Condition (*) is a natural condition in the sense that all the data can be read directly from two linearly independent log 1-forms, ω 1 , ω 2 without referring to α X orᾱ X . Indeed, α X is not dominant iff ω 1 ∧ ω 2 ≡ 0 and a curve C in X such that neither ω 1 nor ω 2 is identically ∞ along C is exceptional with respect toᾱ X iff i * ω 1 ≡ 0 ≡ i * ω 2 where i : C →X is the inclusion map. Proof We first prove the following lemma.
Lemma 25 Letᾱ X :X →Ā X be a desingularization of the rational map α X via r :X →X which is biholomorphic on X andXβ →Ȳγ →Ā X the Stein factorization of the morphismᾱ X . We identify X and r −1 (X) and let D be the reduced total transform of D. Then condition (*) is equivalent to the following condition. 
⊓ ⊔
We now continue with the proof of the proposition. Assume (**), we prove thatβ(X) ⊂Ȳ is an open algebraic subvariety by giving an explicit description for it: By definition of the Stein factorization, points ofȲ corresponds to connected components of the fibers of the morphismᾱ X :X →Ā X , andβ :X →Ȳ is the canonical surjective map which contracts these connected components to points. Sinceβ is a proper birational morphism,β(D) ⊂Ȳ is algebraic. Sinceᾱ X is dominant,Ȳ is a surface and soβ(D) can be decomposed into a pure 1-dimensional subvariety Γ and a finite set G = {y 1 , ..., y s } inȲ . Let y ∈β(X), then y =β(x) for somex ∈ X. Let z =ᾱ X (x). By the definition ofβ,β −1 (y) is a connected componentĒ ofᾱ −1 (z). By (**), all connected components ofD intersectingĒ map to the point y, and the others map to a closed algebraic set not containing y. This means that y ∈ Γ and soβ(X) is justȲ \ Γ minus a finite number of points in G, which is an algebraic set.
Conversely, assume that (**) does not hold. Then there exist z ∈ A X , a connected componentĒ ofᾱ −1 (z) withĒ ∩ X = ∅ and an irreducible componentD 0 ofD withx ∈D 0 ∩Ē andD 0 ⊂Ē. So Γ =β(D 0 ) ⊂Ȳ is a 1-dimensional subvariety containing the point y 0 =β(x) =β(Ē). Soβ has a 1-dimensional fiber over y 0 and so all other fibers over a neighborhood U of y 0 are single points. Hence U ∩ Γ ∩β(X) = {y 0 } andβ(X) ⊂Ȳ cannot be open. ⊓ ⊔
End of the proof of Theorem 3
For this proof we adopt the notations of Theorem 22, meaning we allow arbitrary boundary divisors. This is not a problem since we do not need the condition that f : I C → X is Brody in this theorem and since we can always lift an entire curve f through a birational map which is biholomorphic on X and the property of f to be algebraically degenerate is of course invariant under such a birational map.
By the same token we also may assume thatᾱ X :X →Ā X is (already) a morphism. Hence, letXβ →Ȳγ →Ā X be a Stein factorization of the morphismᾱ X and β =β| X . ThenȲ is a normal variety which compactifies Y = (γ) −1 (A X ), and f is algebraically degenerate (in X) if and only if the map β • f is algebraically degenerate (in Y ).
We apply Theorem 23 to the finite morphism γ =γ| Y : Y → A X and to Y 0 := β(X) ⊂ Y , which is an open subvariety by Proposition 24. In order to simplify notations, we assume that X is the is the total space of the Iitaka fibration of Y 0 (there is no problem with this since the entire curve f : I C → X lifts through a birational morphism over X). So let Φ : X → Z * be the log Iitaka fibration. Then Theorem 23 says that there exist a semi-abelian curve B ⊂ A X ,étale coversỸ andB of Y and B, respectively, and a smooth curvẽ Z such that (1)Z is finite over A X /B.
(2)Ỹ is a fiber bundle overZ with fiberB and translations byB as structure group.
Moreover, if for z ∈ Z * we put
Y is a closed subvariety, which is equal to the image of a suitable fiber of the fiber bundle p :Ỹ →Z, and, vice versa, the image of a generic fiber of this fiber bundle is of the form Y z for generic z ∈ Z * . LetỸ 0 ⊂Ỹ be the inverse image of Y 0 inỸ under theétale coverỸ → Y , and letZ 0 ⊂Z be the image ofỸ 0 under the fiber bundle projection p :Ỹ → Z. ThenZ 0 ⊂Z is an open algebraic subcurve: In fact, sinceỸ 0 ⊂Ỹ is an open algebraic subsurface, its complement can only contain a finite number of curves or isolated points, which can only contain a finite number of fibers of the fiber bundleỸ →Z, so the complement ofZ 0 inZ contains at most a finite number of points. Let stillW 0 ⊂Ỹ be the inverse image ofZ 0 under the fiber bundle projection p :Ỹ →Z.
We claim thatW 0 \Ỹ 0 is of codimension at least 2 inW 0 : In fact, by Theorem 23 the generic fiber of the fiber bundleỸ →Z projects to a fiber Y z ⊂ Y 0 , so is contained inỸ 0 . We know that sinceỸ 0 ⊂Ỹ is an open algebraic subsurface, its complement can only contain a finite number of (closed) curves or isolated points. But since such a closed curve does not hit the generic fiber of the fiber bundle (so it is contained in the union of a finite number of fibers since the baseZ is of dimension 1), it is itself equal to a fiber, but then it is also in the complement ofW 0 . This proves the claim.
We now claim thatW 0 is of log Kodaira dimensionκW Hence, the image of the entire curve β • f lies in the image in Y of a fiber of the fiber bundleỸ →Z, and so the entire curve f : I C → X is algebraically degenerate.
⊓ ⊔ Remark The counter-example in Proposition 27 shows that, without condition (*), it can happen that entire curves f : I C → X can be Zariski-dense. In fact, condition (*) does not hold in this counter-example: With the notations as in Proposition 27,ᾱ X = αX :X → E × E is the blowup morphism of the two point Q 1 , Q 2 and the exceptional fibers α
Some applications
The following result generalizes Kawamata's theorem for normal surfaces finite over a semi-abelian surface to surfaces with log irregularity 2 by relating it to entire holomorphic curves.
Theorem 26
Let (X, D) be a log surface with log irregularityq X = 2 . In the case of dominantᾱ X , assume condition (*). Then the following are equivalent.
(1) There is an entire curve f : I C → X such that f * w ≡ 0 for some w ∈ H 0 (T * X ) and f is not algebraically degenerate.
(2)κ X = 0. (1) implies (2): Suppose that there exists an algebraically nondegenerate entire curve in X lying in the foliation defined by a log 1-form. By Theorem 13 and Proposition 15 we may assume thatᾱ X is dominant and κ X ≤ 1. This means in particular that there are linearly independent log 1-forms whose wedge is not identically 0. But this wedge gives a log 2-form and henceκ X = −∞. Butκ X = 1 by Theorem 3. Henceκ X = 0.
(2) implies (3): Assume that α X (and henceᾱ X ) is not dominant. Then α X factors through a morphismᾱ :X →Ȳ ⊂Ā X where Y =Ȳ ∩ A X is a hyperbolic curve by Proposition 15 and soκ Y = 1. LetF be a general fiber ofᾱ, thenF is a smooth projective curve having transversal intersection witĥ D, the reduced total transform of D. Hence, by the smoothness ofᾱ alonḡ F , we have the following exact sequence Asᾱ is a birational morphism on X + that restricts to α X on X, we see that X + \ X is an exceptional divisor ofᾱ in X + whose image is contained in the image of the exceptional divisor E of α X . Consider the finite sets S 1 := α X (E) ⊂ A X , S 2 := A X \ Y 0 and S ′ = S 1 ∪ S 2 . By a translation if necessary, we may assume that the universal covering map h : I C 2 → A X is a morphism of additive groups and that Γ = ker h does not intersect S = h −1 (S ′ ). Consider the linear map f 0 : I C → I C 2 , z → (z, az) for a ∈ I C. Then f * 0 w ≡ 0 for the linear 1-form w = dz 2 − a dz 1 where (z 1 , z 2 ) is the standard coordinate for I C 2 . Now if f 1 = h • f 0 is algebraically degenerate, then its image lies in an elliptic curve or a rational curve inĀ X and the latter must intersect the boundary of A X at at least and hence exactly two points. In either case f 1 is anétale covering over its image, which is either I C * or an elliptic curve, and so f −1 0 (Γ) = ker f 1 = {(0, 0)}. Therefore, since log 1-forms on A X correspond bijectively with linear 1-forms on I C 2 , it suffices to produce an a such that f X is a well defined holomorphic map outside S ′ . For this, we only need to choose a ∈ I C outside the countable set {v/u | (u, v) ∈ Γ ′ ∪ S}.
⊓ ⊔
The additional condition (*) on α X is essential for Theorems 3 and 26, as the following counterexamples shows. We remark here however that it can be weakened still, especially for Theorem 26, as can be seen from the proofs we give. We also remark that one can prove that (2) and (3) of Theorem 26 are equivalent even without condition (*).
Proposition 27 (Counterexample forκ X = 1) Let E be an elliptic curve and p : E × E → E the projection to the first factor. Let P 1 , P 2 ∈ E be two distinct points, and Q i ∈ p −1 (P i ), i = 1, 2 two points. Let b :X → E × E be the blow up of E × E in the points Q 1 , Q 2 . Let D be the union of the proper transforms of p −1 (P i ), i = 1, 2 inX, and X :=X \ D. Thenq X = 2 andκ X = 1, but X admits entire curves f : I C → X which are neither algebraically degenerate nor linearly degenerate (i.e. the condition given in (1) of Theorem 26).
Proof: First it is easy to see thatq X ≥ 2, since q E×E = 2 and linearly independent 1-forms on E × E lift to linearly independent 1-forms onX.
The fact that there exist entire curves f : I C → X which are not algebraically degenerate is an easy application of the main result of BuzzardLu'00 [2] : The map p • b : X → E is a surjective holomorphic map defining X into an elliptic fibered surface over the curve E without any branching. So by Theorem 1.7 of [2] , X is dominable by I C 2 and there are (a lot of) entire curves f : I C → X which are neither algebraically degenerate nor linearly degenerate (i.e. the condition given in (1) of Theorem 26). By Theorem 1 this still implies in particular thatq X ≤ 2, soq X = 2.
It is easy to see thatκ X ≤ 1: Since K E×E = 0 and by the standard formula for the relation of the canonical divisors under blow ups of points we getK
Hence, for a generic point P ∈ E, the fiber F := (p•b) −1 (P ) has the property that the restriction to F of the line bundles (K X ) ⊗m are trivial, hence, their sections cannot seperate points. Hence,κ X ≤ 1.
It remains to prove thatκ X ≥ 1. By the Riemann-Roch theorem for the curve E and the divisor P 1 + P 2 ⊂ E of degree 2 (see for example Hartshorne '77 [15] , page 295), we get that for the log curve E 0 := E \ {P 1 , P 2 } ⊂ E, we have h 0 (E,K E 0 ) = h 0 (E, P 1 + P 2 ) = deg(P 1 + P 2 ) = 2 .
Hence, there exist two linearly independent log 1-forms η 1 , η 2 on E 0 ⊂ E. The key point is now that we can use them to construct two linearly independent sections of the line bundleK X onX (since this will proveκ X ≥ 1): Locally, let x be the base coordinate and y the fiber coordinate of the projection p : E × E → E, both linear with respect to the linear structure of E. We blow up the origin of (x, y) and let X =X \ D, where D is the proper transform of x = 0 by b. Then in a neighborhood of the point of interection of the exceptional curve of b and the proper transform of y = 0 by b, X is parametrized by x, z where y = zx. Any log 1-form of E \ {0} is of the form f (x)dx/x near 0. Now dy = zdx + xdz is a 1-form onX and, hence,
is a log 2-form on (X, {x = 0}), which by (27) doesn't have any poles on X and, hence, is a log 2-form on (X, D). By this local argument we thus see that the forms η 1 ∧ dy, η 2 ∧ dy are two linearly independent global sections of the line bundleK X onX. ⊓ ⊔
